This paper is concerned with the following perturbed elliptic system:
Introduction
The goal of this paper is to establish the existence of semi-classical solutions to the following perturbed elliptic system of Hamiltonian form: For the case ε = , the interest in the study of various qualitative properties of the solutions has steadily increased in recent years. In a bounded smooth domain ⊂ R N , similar systems have been extensively studied; see, for instance, [-] and the references therein. The problem set on the whole space R N was considered recently in some works. The first http://www.boundaryvalueproblems.com/content/2014/1/208 difficulty of such a type of problem is the lack of the compactness of the Sobolev embedding. A usual way to recover this difficulty is choosing suitable working space which has compact embedding property, for example, the radially symmetric functions space; see [-] . The second difficulty is that the energy functional is strongly indefinite different from the single equation case, and so the dual variational methods are involved to avoid this difficulty; see [, ] . Recently, with the aid of the linking arguments in [-], the existence of solutions or multiple solutions were obtained with periodic potential and nonlinearity, see [-] and the references therein.
For the problem with a small parameter ε > , it is called the semi-classical problem, which describes the transition between of quantum mechanics and classical mechanics with the parameter ε goes to zero. There is much literature dealing with the existence of semi-classical solutions to the single particle equation 
where is a domain of R N , f and g are power functions, superlinear but subcritical at infinity. The authors established the existence of positive solutions which concentrate, as ε → , on a prescribed finite number of local minimum points of the potential V ; also see [] . In the aforementioned references, it always was assumed that W satisfies a condition of the type of Ambrosetti-Rabinowitz, that is, http://www.boundaryvalueproblems.com/content/2014/1/208 (AR) there is a μ >  such that
together with a technical assumption that there is ν > N/(N + ) such that
or the superquadratic condition
and a condition of the type of Ding-
As is well known, conditions (.) and (.) have been successfully applied to Hamiltonian systems, to periodic Schrödinger systems, and to diffusion systems; see [, ] and so on. We refer the reader to [-] and the references therein where the condition (AR) was weakened by more general superlinear conditions. Condition (DL) was firstly given for a single Schrödinger equation by Ding and Lee [] . Soon after, this condition was generalized by Zhang et al. [] .
Observe that conditions (.) and W (x, z) > , ∀z =  in (AR) or W (x, z) > , ∀z = , in (DL) play an important role in showing that any Palais-Smale sequence or Cerami sequence is bounded in the aforementioned works. However, there are many functions which do not satisfy these conditions, for example,
Motivated by these works, in the present paper, we shall establish the existence of semiclassical solutions of system (.) with a weaker superlinear condition via the generalized linking theorem. To state our results, in addition to the basic hypotheses, we make the following assumptions:
(W) there exist a  >  and p ∈ (,  * ) such that
In the present paper, we make use of the techniques developed in [, ] to obtain the existence of semi-classical solutions for system (.) when ε ≤ ε  , where the bound ε  is formulated in terms of N , V , and W .
Since (p -)N -p < , we can choose a h  ≥  such that
Let E be a Hilbert space as defined in Section  and λ = ε - . Under assumptions (V), (V), (W), and (W), the functional
We are now in a position to state the main results of this paper.
Theorem . Assume that V and W satisfy (V), (V), (W), (W), (W), and (W). Then for
 < ε ≤ λ -/  , (.) has a solution (u ε , v ε ) such that  < ε -/ (u ε , v ε ) ≤ b (κ-N)/  κ √ a  (γ  * γ  ) N ε N- , and R N W (x, u ε , v ε ) dx ≤ b (κ-N)/  κ √ a  (γ  * γ  ) N ε N .
Theorem . Assume that V and W satisfy (V), (V), (W), (W), (W), and (W). Then for
Before proceeding to the proofs of these theorems, we give two examples to illustrate the assumptions.
with inf R N h > . http://www.boundaryvalueproblems.com/content/2014/1/208
The rest of the paper is organized as follows. In Section , we provide a variational setting. In Section , we give the proofs of our theorems.
Variational setting
Letting ε - = λ, (.) is rewritten as
Analogous to the proof of [, Lemma ], by using (V), (V), and the Sobolev inequality, one can demonstrate that there exists a constant γ  >  independent of λ such that
This shows that (E V , (·, ·) λV ) is a Hilbert space for λ ≥ . Furthermore, by virtue of the Sobolev embedding theorem, we have
here and in the sequel, by · s we denote the usual norm in space L s (R N ).
Set E = E V × E V , then E is a Hilbert space with the inner product
the corresponding norm is denoted by · λ † . Then we have
It is obvious that z = z -+ z + , z -and z + are orthogonal with respect to the inner products (·, ·) L  and (·, ·) λ † . Thus we have E = E -⊕ E + . By a simple calculation, one gets
Therefore, the functional λ defined in (.) can be rewritten in a standard way
The following generalized linking theorem provides a convenient approach to get a (C) c sequence.
Let X be a Hilbert space with X = X -⊕ X + and X -⊥ X + . For a functional ϕ ∈ C  (X, R), ϕ is said to be weakly sequentially lower semi-continuous if for any u n u in X one has ϕ(u) ≤ lim inf n→∞ ϕ(u n ), and ϕ is said to be weakly sequentially continuous if 
Suppose that the following assumptions are satisfied: where
Then for some c ≥ κ, there exists a sequence {u n } ⊂ X satisfying
Such a sequence is called a Cerami sequence on the level c, or a (C) c sequence.

Proofs of the theorems
In this section, we give the proofs of Theorems . and .. From now on we assume without loss of generality that
Let e λ (x) = (ϑ(λ / x), ). Then we can prove the following lemma which is very important and crucial.
Lemma . Suppose that (V), (V), (W), (W), and (W) are satisfied. Then
It follows from (W), (.), (.), (.), (.), (.), and (.) that
Now the conclusion of Lemma . follows by (.).
Applying Lemma ., by standard arguments (see, e.g., []), we can prove the following lemma.
Lemma . Suppose that (V), (V), (W), (W), and (W) are satisfied. Then there exist a constant c
Lemma . Suppose that (V), (V), (W), (W), (W), and (W) are satisfied. Then any
Proof By virtue of (W), (.), and (.), one gets
To prove the boundedness of {z n }, arguing by contradiction, suppose that z n λ † → ∞. 
Hence, it follows from (W), (.), (.), and the Hölder inequality
From (.), (.), and (.), one has
Let κ = κ/(κ -), then  < κ <  * . Hence, by virtue of (W), (.), and the Hölder inequality, one gets
Combining (.) with (.) and using (.), (.), and (.), we have
This contradiction shows that δ > .
Going if necessary to a subsequence, we may assume the existence of k n ∈ Z N such that 
This contradiction shows that z n λ † is bounded.
Proof of Theorem . Applying Lemmas ., ., and ., we deduce that there exists a bounded sequence {z n } = {(u n , v n )} ⊂ E satisfying (.) and (.) with Going if necessary to a subsequence, we can assume that z n z λ = (u λ , v λ ) in (E, · λ † ), and λ (z n ) → . Next, we prove that z λ = . 
